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Definition: A mapping (function) L from R” to R™ (n and m are natural numbers)
is called a linear transformation iff L (aZ + by) = aL (%) + bL (), for all @ and b in R

and for all © and % in R”.

_ Let A be an m by n matrix and let L : R* — R™ be L(Z) = AZ,

for all Z € R®. Then L is a linear transformation.

[Proof:] We have to prove that L (aZ + bf) = aL (%) + bL (§), for all a and b in R
and for all © and % in R”. But,

L (aZ + bf)) = A (aZ + bj) = A(aZ) + A(bY) = a(AT) + b(AF) = aL(Z) + bL(7).

_ If L: R* — R™ is a linear transformation, then there exists an m
by n matrix A such that L(Z) = AZ for all ¥ € R".

_ Combining the above two theorems we get the following theorem:

_ L: R* — R™ is a linear transformation if and only if there exists
an m by n matrix A such that L(Z¥) = AZ for all ¥ € R".

_ Let L: R? — R be L(Z) = 1 + o, for all ¥ € R?. Then L is a linear

transformation.

- Done in class.

|[Example:| Let L : R* — R? be L(#) = (—22,71), for all # € R2. Then L is a

linear transformation.



- Done in class.

_ Let t be a real number and let L : R* — R" be L(Z) = tZ, for all

Z € R*. Then L is a linear transformation.

[Proof:] We have to prove that L (aZ + bj) = aL (Z) + bL (§), for all ¢ and b in R
and for all © and % in R”. But,

L (aZ 4 by) =t (aZ + by) = t(aZ) + t(by) = a(tZ) + b(ty) = aL(Z) + bL(Y).

- If you take ¢ =1 in the previous example, you get what’s called the identity

mapping (aka the identity transformation aka the identity operator).

_ Let L: R? — R? be L(Z) = (1 + x1, 22), for all Z € R%. Then L is not

a linear transformation.
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Clearly L (af + by) # aL () + bL (%), for all @ and b in R and for all # and ¥ in R?.

For example, take a =b=1and x1 =2, = y; =y = 1.

_ Please do the following exercises. I'll post the solutions in the coming
days.

Decide whether the following are linear transormations or not. Explain.

- L: R? — R defined by L(Z) = (z1, 72, 1).



_L is not a linear transformation, because

L axy + by
ax
L(aZ +by)=1L Lo = | axy + bys
axy + by
1
On the other hand,
1 (1 ary + by
al(Z)+bL () =a | zp | +b| y2 | = | azo+byp
1 1 a+b

Clearly L (aZ + bj) # aL (%) + bL (), for all @ and b in R and for all # and 7 in R?.

For example, take a =b=1and z1 =2, = y; = yo = 1.

- L: R? — R defined by L(Z) = \/2? + 3.

_L is not a linear transformation, because

axy + byy

L(aZ +by) =L ( ) = /(a1 + by1)? + (azz + bys)?

axy + by

On the other hand,

al (Z) +bL (§) = ay/x +$2+b\/y1+y2

Clearly L (af + by) # aL () + bL (%), for all @ and b in R and for all # and 7 in R?.
For example, take « = b = —1 and 7y = 25 = y; = yo = 1. Then, L (aZ + by) =

V8 = 2v/2, while aL (%) + bL (§) = —2v/2

[B)] L : R — R® defined by L(#) = (v2, 71,1 + 22).

_L is a linear transformation.

axy + by

L(af—i—bgj’):L(

azxs + by
= axy+ b
azxs + by ) ( ! h

a(zy + x2) + b(y1 + 12)



T2 Y2 azs + bys
aL (Z) +bL (§) =a T +0b n = axy + by,
Ty + T2 Y1+ Y2 a(z1 + z2) + b(y1 + ¥2)
Clearly L (aZ + b)) = aL (Z) + bL (%), for all @ and b in R and for all Z and % in R?.

- L: R" —s R defined by L(Z) = (0, —x,0,- - ,0).

_L is a linear transformation.

L (aZ + by) = L ((axy + by1, axe + bya, - - - ,ax, + by,)) = (0, —azy — by,,0,-- -, 0).
aL (Z) + bL () = a(0, —x2,0,---,0) + b(0, —y2,0,--- ,0) = (0, —azy — bys,0,--- ,0).
Clearly L (aZ + by) = aL (Z) + bL (%), for all @ and b in R and for all Z and ¢ in R".

- L: R? — R? defined by L(%) = (3,5) + .

_L is not a linear transformation, because

)-L: )
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3a + 3b+ ax1 + by
5a + db + azxs + bys |

34+ ax; + byy
5+ axe + by

azxy + by azi + by

L(af-l—by_’):L(

axry + by2 axy + by2

On the other hand,

3+ 1
5+$2

aL (Z) + bL (7)) :a( +
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Clearly L (af + by) # aL () + bL (%), for all @ and b in R and for all # and 7 in R?.

For example, take a =b=1and z; =29 = y; =y = 1.



