Recursion (Part I)

What is recursion? Why are recursive functions useful? When to use them and when not? If a function can be written as recursive and as non-recursive, which one is better? How to compute the running time (time complexity) of recursive functions? How to write recursive functions for linked lists? We'll answer all of these questions either now or later.

Recursive algorithm: an algorithm expressed as a base case (the solution is written non-recursively) and a recursive/general case (smaller versions of itself).

Remarks:

(1) When a function is called, memory (in a region called run-time stack) is reserved for all parameters and local variables/named constants in the function, and if the function is a value-returning function, memory is reserved also for the name of the function (i.e. the value that will be returned by the function). This storage is temporary.

(2) A recursive function is a function that calls itself. Every recursive function must include at least one base case and at least one recursive case. If there are no base cases, then we'll have infinite recursion, but eventually, memory in the run-time stack will run out, and either the computer hangs or the program will terminate with an error message such as run-time stack overflow.

(3) Recursive algorithms are in general less efficient (in terms of time/speed and space) than iterative (non-recursive) algorithms. On non-modern slow computers, recursive algorithms can be noticeably slower than iterative ones, but on modern fast computers, the difference is almost unnoticeable. 

(4) Each recursive call to a function has its own copies of the local variables/named constants, the parameters, and the value-returned if it's a value returning function.

(5) Recursive calls often replace loops.

(6) So, when to use recursion and when not to use it:

Answer: 

· Two factors should be considered: clarity and efficiency.

· If efficiency is critical, avoid using recursion. (Note that speed depends also on the computer and the compiler.)

· If efficiency is not critical, then whether to use recursion or not is something depends on the nature of the problem: 

· If an iterative algorithm is more obvious or more understandable, use iteration.

· If a recursive algorithm is more obvious or more understandable or simpler and shorter than the non-recursive one, use recursion. This happens especially if the problem is defined recursively and also if it's hard to express the solution non-recursively. Note that recursive algorithms sometimes shorten the program and make it easier to read and understand. Also, some functions are very hard to write as non-recursive. Also, if the depth of the recursive calls is relatively shallow, it's a good idea to use recursion. For example, the depth of the recursive calls of recursive binary search is O(log2 N) (so recursion is good here), while the depth of recursive calls of recursive factorial is O(N) (so recursion is not good here).

(7) General form of a recursive function:

… f(…)

{

if   (condition for which the solution is known)  // base case




return/state solution

 
else
 // general/recursive case

   

call f again

} 

Example 1: 

Non-recursive Factorial (computes n!):

int factorial(int n)


{



 
for (int i = 1, f = 1; i <= n; i++)



f = f * i;



return f;



}




Recursive Factorial (computes n!):

int factorial(int n)

{

 
if (n == 0)
// Base case



return 1;


else




return n * factorial (n - 1);

}








Comments About the recursive Factorial function:

1. The case when n = 0 is called the base case. Every recursive function must have a base case. The other case is called the general case or the recursive case. Every recursive function must have a recursive case.

2. As an example, take n = 3. Notice that factorial(3) = 3 * factorial(2), factorial(2) = 2 * factorial(1),  factorial(1) = 1, and factorial(0) = 1. Thus, 

factorial(3) = 3 * factorial(2) = 3 * (2 * factorial(1)) = 3 * (2 * (1 * factorial(0))) = 3 * (2 * (1 * 1) ) = 6.

Hence, to compute factorial(3), the function asks for factorial(2) and factorial(2) asks for factorial(1) and factorial(1) asks for factorial(0) which is 1. 

Example 2:

Non-Recursive Sum (computes the sum of the integers from 1 to n where n is a positive integer):

int sum(int n)


{




 
for (int i = 1, s = 0; i <= n; i++) 



s = s + i;


return s;

}



Recursive Sum (computes the sum of the integers from 1 to n where n is a positive integer):

int sum(int n)


{




 
if (n == 1)



return 1;


else 



return n + sum(n - 1);

}


Example 3:

Non-recursive Power (computes xn, where x is a nonzero real number and n is a positive integer):


float power(float x, int n)


{




 
float p = 1;


for (int i = 1; i <= n; i++)



p = x * p;


return p;

}



Recursive Power (computes xn, where x is a nonzero real number and n is a positive integer):

float power(float x, int n)


{




 
if (n == 0)



return 1;


else 



return x * power(x, n - 1);

}


Question: How can you modify the previous function to work also for negative exponents and for the 0 exponent?

Answer:

float power(float x, int n)


{




 
if (n == 0)



return 1;


else if (n < 0)



return 1.0 / power(x, abs(n));


else 



return x * power(x, n - 1);

}



Example 4: Recursive computation of the nth element of the sequence 

a1 = 1, an = 2 an-1 + 1 for n > 1.

int a(int n)

{


if (n == 1)



return 1;


else



return 2 * a(n - 1) + 1;

}

Question: Can recursive functions be void?

Answer: Yes. 

Exercise: Write a recursive value returning function, call it GCD, to compute the greatest common divisor of two positive integers and then write a recursive void function to do the same thing.

Exercise: Write a recursive function of type int and with one parameter s of type string to count the number of vowels in s. 

Exercise: Write a recursive function and a non-recursive function to compute the nth element of the sequence: ai = 2 ai-1 - 5 ai-2 + 5 i, i > 2, a1 = 1, a2= 3.

Recursive Binary Search

// Binary search of a 1-D array.

#include <iostream>

using namespace std;

bool BinarySearch(float* info,float item, int from, int to);

int main()

{


float item, *info;


bool found;


int i, size;


cout << "Enter Size: ";


cin >> size;


// size is the number of lements of A


// that will be processed.


info = new float[size];


cout << "Enter " << size << " elements: " << endl;


for (i = 0; i < size; i++)



cin >> info[i];


cout << "Enter a number to search for: ";


cin >> item;


found = BinarySearch(info,item,0, size - 1);


if (found)



cout << item << " is in the array." << endl;


else



cout << item << " is not in the array." << endl;


return 0;

}

bool BinarySearch(float* info, float item, int from, int to)

{


if (from > to) // Base case 1



return false;


else


{



int mid = (from + to)/2;



if (item < info[mid])




return BinarySearch(info,item,from,mid - 1);



else if (item == info[mid])




return true; // Base case 2



else




return BinarySearch(info,item,mid + 1, to);


}

}

Non-recursive Binary Search

#include <iostream>

using namespace std;

bool BinarySearch(float* info,float item, int size);

int main()

{


float item, *info;


bool found;


int i, size;


cout << "Enter Size: ";


cin >> size;


// Size is the number of lements of A


// that will be processed.


cout << "Enter " << size << " elements: " << endl;


info = new float[size];


for (i = 0; i < size; i++)



cin >> info[i];


cout << "Enter a number to search for: ";


cin >> item;


found = BinarySearch(info,item,size);


if (found)



cout << item << " is in the array." << endl;


else



cout << item << " is not in the array." << endl;


return 0;

}

bool BinarySearch(float* info,float item, int size)

{


bool found=false;


int first, last, mid;


first = 0; 


last = size - 1;


while (!found && (first <= last))


{



mid = (first + last)/2;



if (info[mid] == item)




found = true;



else if (item < info[mid])




last = mid - 1;



else if (item > info[mid])




first = mid + 1;


}


return found;

}

Recursive Selection Sort

int Min_Ind(int A[], int i, int N)

{


int k, MI;


MI = i;


for (k = i+1; k < N; k++)



if (A[k] < A[MI])




MI = k;


return MI;

}

void Selection_Sort(int A[], int i, int N)

{


if (i == N-1) 

return;


else


{



int MI, Temp; 



// MI is the index of the minimum in 



// the subarray whose indices start at 



// i and end at N-1.



// Find MI.



MI = Min_Ind(A,i,N);



// Swap the element at index i with 



// the element at index MI.



Temp = A[i];



A[i] = A[MI];



A[MI] = Temp;



Selection_Sort(A,i+1,N);


}

}

Non-recursive Selection Sort (with a driver program):

// Selection Sort of 1D array in ascending order.

#include <iostream>

using namespace std;

int Min_Ind(int [ ],int,int);

void Selection_Sort(int [ ], int);

int main()

{


int i;


int N, A[100];


cout << "Enter the size of the array: ";


cin >> N;


cout << "Enter the elements of A:" << endl;


for (i = 0; i < N; i++) 



cin >> A[i];


Selection_Sort(A,N);


cout << "The sorted array is:" << endl;


for (i = 0; i < N; i++)



cout << A[i] << "  ";


cout << endl;


return 0;

}

int Min_Ind(int A[ ], int i, int N)

{


// This function finds the index, MI,  of the smallest element of the 


// subarray of A whose indices (subscripts) range from i to N-1.


int k, MI;


MI = i;


for (k = i+1; k < N; k++)



if (A[k] < A[MI])

// Line *




MI = k;


return MI;

}

void Selection_Sort(int A[ ], int N)

{


int i, MI, Temp; 


// MI is the index of the minimum in 


// the subarray of A whose indices start at 


// i and end at N-1.


for (i = 0; i < N - 1; i++)


{



// Find MI.



MI = Min_Ind(A,i,N);



// Swap the element at index i with 



// the element at index MI.



Temp = A[i];



A[i] = A[MI];



A[MI] = Temp;


}

}

Recursive Palindrome:

#include <iostream>

#include <string>

using namespace std;

bool isPalindrome(string);

int main()

{


string s;


cout << "Enter a string:" << endl;


getline(cin,s);


if (isPalindrome(s))



cout << s << " is a palindrome." << endl;


else



cout << s << " is not a palindrome." << endl;


return 0;

}

bool isPalindrome(string s)

{


int n = s.length();


if (n == 1 || n == 0)  // Line *1


return true;


else


{



if (s[0] != s[n - 1])  // Line *2



return false;



else




return isPalindrome(s.substr(1, n - 2)); // Line *3

}

}

Remarks on the Previous Function:

1. There are three base cases in the previous function. The first two are in Line *1 and the third is in Line *2. The first two are executed if the string is a palindrome. (The case n=1 is executed if the string is a palindrome of odd length and the case n=0 is executed if the string is a palindrome of even length.) The third base case is executed if the string is not a palindrome.

2. The recursive (general) case is in Line *3.

3. The time complexity of this function will be computed in class.

More Examples on Recursion

(1) Testing for Palindromes (slightly different than before):
bool isPalindrome(string s)

{


int n = s.length();


if (n <= 0)



return true;


else


{



if (s[0] != s[n - 1])




return false;



else




return isPalindrome(s.substr(1, n - 2));


}

}

Driver Program:

#include <iostream>

#include <string>

using namespace std;

bool isPalindrome(string);

int main()

{


string s;


cout << "Enter a string:" << endl;


getline(cin,s);


if (isPalindrome(s))



cout << s << " is a palindrome." << endl;


else



cout << s << " is not a palindrome." << endl;


return 0;

}

Running Time:

(2) Counting Lowercase Letters in a String:

int countLowercase(string s)

{


int n = s.length();


if (n == 0)



return 0;


else


{



if (s[0] >= 'a' && s[0] <= 'z')




return 1 + countLowercase(s.substr(1,n-1));



else




return countLowercase(s.substr(1,n-1));


}

}

Driver Program:

#include <iostream>

#include <string>

using namespace std;

int countLowercase(string);

int main()

{


string s;


cout << "Enter a string: " << endl;


getline(cin,s);


cout << countLowercase(s) << endl;


return 0;

}

Running Time:

(3) Reversing a String:
string reverse(string s)

{


int n = s.length();


if (n == 0)



return s;


else



return s[n-1] + reverse(s.substr(0,n-1));

}

Driver Program:

#include <iostream>

#include <string>

using namespace std;

string reverse(string);

int main()

{


string s;


cout << "Enter a string: " << endl;


getline(cin,s);


s = reverse(s);


cout << s << endl;


return 0;

}

Running Time:

(4) Printing a String in a Reverse Order:
void printReverse(string s)

{


int n = s.length();


if (s.length() != 0)


{



cout << s[n - 1];



printReverse(s.substr(0,n - 1));


}

}

Question: can you switch the two lines in the body of the if statement above?

Another way:

void printReverse(string s)

{


int n = s.length();


if (s.length() != 0)


{



printReverse(s.substr(1,n - 1));



cout << s[0];


}

}

Driver Program:
#include <iostream>

#include <string>

using namespace std;

void printReverse(string);

int main()

{


string s;


cout << "Enter a string: " << endl;


getline(cin,s);


printReverse(s);


cout << endl;


return 0;

}

Running Time:

(6) Recursive toupper for strings:

string toupper(string s)

{


int n = s.length();


if (n == 0)



return s;


else



return  char(toupper(s[0])) + toupper(s.substr(1,n-1));

}

Driver Program:
#include <iostream>

#include <string>

using namespace std;

string toupper(string);

int main()

{


string s;


cout << "Enter a string: " << endl;


getline(cin,s);


s = toupper(s);


cout << s << endl;


return 0;

}

(7) Recursive Conversion fro Decimal to a Number System < 17:

void convert(int n /* number to convert */, int b /* base - must be < 17 & pos. */)

{


int remainder;


if (n > 0)


{



convert(n / b, b);



remainder = n % b;



if (remainder > 9)




cout << char(remainder + 55);



else




cout << remainder;


}

}

Driver Program:

#include <iostream>

using namespace std;

void convert(int n, int b);

int main()

{


int n, b;


cout << "Enter a positive integer: " << endl;


cin >> n;


cout << "Enter the base to convert to: " << endl;


cin >> b;


convert(n,b);


cout << endl;


return 0;

}

(8) A better recursive function to convert from Decimal to a number system < 17:

// Converts only positive integers represented in decimal.

string convert(int n /* decimal number to convert */, int b /* base - must be < 17 & pos. */)

{


if (n == 0)



return "";


else


{



if (n > 0)



{




int remainder = n % b;




if (remainder > 9)





return convert(n / b, b) + char(remainder + 55);




else





return convert(n / b, b) + char(remainder + 48);



}


}

}

Driver Program:
#include <iostream>

#include <string>

using namespace std;

string convert(int n, int b);

int main()

{


int n, b;


cout << "Enter a positive integer: " << endl;


cin >> n;


cout << "Enter the base to convert to: " << endl;


cin >> b;


cout << convert(n,b) << endl;


cout << endl;


return 0;

}

 (9) Recursive Function to Convert from a Number System < 17 to Decimal:

int convertToDecimal(string x /* number to convert */, int b /* base - must be < 17 & pos. */)

{


int n = x.length();


if (n == 0)



return 0;


else


{



char c = x[0];



if (toupper(c) >= 'A' && toupper(c) <= 'F')




return ((int(toupper(c)) - 55) * pow(b,n-1) 





+ convertToDecimal(x.substr(1,n-1),b));



else




return ((int(c) - 48 ) * pow(b,n-1) 





+ convertToDecimal(x.substr(1,n-1),b));


}

}
Driver Program:

#include <iostream>

#include <string>

#include <cmath>

using namespace std;

int convertToDecimal(string x, int base);

int main()

{


string x;


int b;


cout << "Enter a number to convert: " << endl;


cin >> x;


cout << "Enter the base to convert from: " << endl;


cin >> b;


cout << convertToDecimal(x,b) << endl;


cout << endl;


return 0;

}

(10) Conversion from Any Number System to Any Number System:

Write a function of type string and with three parameters: the 

number to convert (as a string), the base to convert from (of type

 int), and the base to convert to (of type int). In the body of the 

function, write two function calls: one for the function in 11 and 

the second is for the function in 10.

(11) Recursive Binary Search of an Array:

bool BinarySearch(float* info, float item, int from, int to)

{


if (from > to) // Base case 1



return false;


else


{



int mid = (from + to)/2;



if (item < info[mid])




return BinarySearch(info,item,from,mid - 1);



else if (item == info[mid])




return true; // Base case 2



else




return BinarySearch(info,item,mid + 1, to);


}

}

Running Time:

(12) Recursive Selection Sort of an Array:

int Min_Ind(int A[], int i, int N)

{


int k, MI;


MI = i;


for (k = i+1; k < N; k++)



if (A[k] < A[MI])




MI = k;


return MI;

}

void Selection_Sort(int A[], int i, int N)

{


if (i == N-1) return;



else



{




int MI, Temp; 




// MI is the index of the minimum in 




// the subarray whose indices start at 




// i and end at N-1.




// Find MI.




MI = Min_Ind(A,i,N);




// Swap the element at index i with 




// the element at index MI.




Temp = A[i];




A[i] = A[MI];




A[MI] = Temp;




Selection_Sort(A,i+1,N);



}

}

Running Time:

Definition: the depth of the recursion is equal to the number of recursive calls of the function.

How to find the running time of recursive functions?

Answer: running time = (depth of recursion) * (time of each call) + time of base case.

Example: For binary search, the depth of recursion can be found as follows: every time the size of the problem is cut by 2. Thus if we start with an array of size N, then the number of recursive calls is the integer m that satisfies N/(2m) = 1. Solve for m to get m = log2 N. Since there are only a few operations made in each recursive call and in the base calls, then the running time is O(log2 N).

Example: For recursive isPalindrome, the depth of recursion can be found as follows: every time the size of the problem is reduced by 2. Thus if we start with an array of size N, then the number of recursive calls is the integer m that satisfies N-2m = 0. Solve for m to get m = N/2. Since there are only a few operations made in each recursive call and in the base calls, then the running time is O(N).
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