(1) (a) z is called a fixed point of function f if f(x) = x. Approximate the

largest fixed point of f using Newton’s method, where f(z) = 2 + 5.
Make your initial approximate fixed point £y = 4. Do not count xy as
one of the iterations. The termination conditions are

(i) The maximum number of iterations is 10.

(if) [f(ze)| <1077,
To how many significant digits does your approximation approximate
the true fixed point. What is the relative error?
Reduce the following system of equations to one equation in terms of
z and find the root of the resulting equation that lies between 13 and
14 (i.e. begin your iterations with the interval [13,14]) using the Regula
Falsi Method (Method of the False Position). Terminate when you have
5 iterations. Don’t forget to write the solution as an ordered pair (i.e.
you need to give both z and y).

elio) —y = 0.
2 In(y) — cos(z) = 2.

(2) Use Newton’s method to approximate the root of f(z) = (x — 4)%. The

termination conditions are the same as those in the first part of the previous
question. Then, use one of the accelration techniques we learned to acclerate
the convergence of the method. Use here the same termination conditions
as before. In both cases, make your initial approximate root zo = 0. Do not
count x, as one of the iterations.

Appoximate the following integral using both the decomposite Trapezoid rule
and the composite Simpson’s Rule using n = 4. Find the upper bound of the
error in each case using the formulas of the error given in class, then find the

relative error

4
/ (42° + 32%)dx
0

1



(4) Use the Lagrange interpolation polynomial to derive the formula

| t@aa~ ar + BIG) + 0.

Note that you have to find the values of A, B, and C.
(5) In the following question, recall that the Lagrange’s interpolation of the
points (z;, f(z;)), 1 =0,--- ,n,is Do, f(z;)Li(z).
(a) Find the coefficient of 2™ in the Lagrange’s polynomial interpolation of
(i, y:), 1=0,1,--- n.
(b) Prove that

n

f[330;$1, ce ,$n] = Zf(l‘z) H (l‘z — $j)_1.

J=0j£i
(c) Now define the linear transformation 7" as follows: T'f = """ | f(2;)Li(z);
i.e. T maps the function f to the Lagrange’s interpolation of f. Prove
that T'’p = p for every polynomial p of degree less than or equal to n.
(d) Prove that >"» , Li(z) =1, Va.

(e) Show that if u is a function that interpolates f at x;, i = 0,--- ,n — 1,

and if v is a function that interpolates f at z;, ¢ = 1,--- ,n, then the
function
(£ — 2)u(z) + (2 = 20)(2)
< Tn — Zo >
interpolates f at z;, 1 =0,--- ,n.

(6) (a) Let S be the natural cubic spline that interpolates (—1,0), (0,2), and
(1,4). Which properties of S does the following function g possess?

(2) (+1)+ (z+1)° z € [-1,0]

1) =

g 4+ (z—-1)+(z—1)* z€][0,1]

(b) Find a natural cubic spline that interpolates (0,1), (1,1), (2,0), (3, 10).

(7) (a) 4(b) Page 276 of the textbook.
(b) 8(b) Page 261 of the textbook.

- End of Exam 1 -




