Review

Review the following: definition of functions, domain, target, range, image, preim-
age, one-to-one (injective), onto (surjective), bijection (one-to-one correspondence),

composition of functions.
Review from Calculus and Discrete Math:

Prove or disprove the following: Let f: A — B and g: B — C be functions, let
p#S CAand ¢ #T C B, let G be preimage of the image of S and H the image
of the preimage of T, and let a, b, ¢, and d be real numbers and let a < b and ¢ < d.
(For the first three parts, if the statement is false and if one direction is true, indicate

that, and give a counterexample to show the other direction is false.) Then
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6) Prove that the function f : (NU{0}) x (NU {0}) — N U {0}, defined by
f(k,n) =2F(2n + 1) — 1 is one-to-one.

(7) Give an example of a bijection from (a,b) to (c,d).

g o f is one-to-one iff g and f are one-to-one.
go fis onto iff g and f are onto.
go fis bl_]eCtIOIl iff g and f are bijection.

. If false, indicate if one of these two sets is a subset of the other.

H =T. If false, indicate if one of these two sets is a subset of the other.
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(8) Give an example of a bijection from R to (a,c0).

(9) Give an example of a bijection from (0, 1) to (a, o).

Definitions: Let V and W be vector spaces and let L be a function from V into W.

L is called a linear transformation if it satisfies the following two conditions:

(i) L(u+v) = L(u) + L(v), for all w and v in V.
(i) L(Bu) = BL(u), for every u in V and every scalar £.

Remarks:

(1) f W =V, we call L a linear operator on V.
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(2) The above two conditions can be replaced by:
L(Bu + yv) = BL(u) + vL(v), for all w and v in V and for all scalars
and 7.
(3) Some people write Lu instead of L(u).

Definition: Let L be a linear transformation from a vector space V' into a vector

space W and M be a linear transformation from W into a vector space X .

(1) W =V and L(v) = v for all v € V, then L is called the identity operator
on V and it’s denoted by I.

(2) range L (the range of L; i.e. L(V)) ={w € W | w = L(v), for some v € V'}.

(3) If range L = W, we say L is onto.

(4) L is called one-to-one iff for all v; and vy in V, if L(v;) = L(vs), then v; = vs.

(5) ker L (the kernel of L) = {v € V | L(v) = 0}.

(6) The dimension of ker L is called the nullity of L, denoted nullity L.

(7) The dimension of range L is called the rank of L, denoted rank L.

(8) If S C V,img S (the image of S;i.e. L(S))={w € W |w = L(v), for some v €
St.

(9) If T C W, preimage T (the preimage of T') is {v € V | L(v) € T'}.

(10) The product ML is the function defined as follows: M L(u) = (M o L)(u) =

M(L(u)), Vu € V.

Theorem: Let L be a linear transformation from a vector space V into a vector

space W and let M be a linear transformation from W into a vector space X. Then

L(u —v) = L(u) — L(v), for all v and v in V.

4) If S = {v1,ve,- - , v} spans V, then T = L(S) = {L(v1), L(va),- - - , L(vg)}
spans range L. (In particular, if S is a basis for V' and u € range L, then u
is completely determined by members of 7.

(5) The image of a subspace of V is a subspace of W. In particular, range L is

a subspace of W.



(6) The preimage of a subspace of W is a subspace of V.

(7) If Ly is also a linear transformation from V' into W and {v,ve,--- ,v,} is a
basis for V. If L(v;) = Lo(v;) for i =1,2,--- /n, then L(u) = Ls(u), for each
ueV.

(8) ker L is a subspace of V.
(9) ker L = {0} if and only if L is one-to-one if and only if the image of every
linearly independent subset of V' is linearly independent in W.
(10) rank L + nullity L = dim V.
(11) If dim V = dim W. Then L is one-to-one iff L is onto iff the image of every
basis for V' is a basis for W.
(12) If L is onto, then dim W < dim V.
(13) If L is a bijection, then the image of every basis for V' is a basis for W.

Theorem: Let L be a function from a vector space V into a vector space W. If

L(0) # 0, then L is not a linear transformation.

Remark: Read the examples in Section 10.1 especially those about projection, rota-

tion, dilation, contraction, and reflection. These are important.

Examples of linear transformations:

(1) (Projection) L: R® — R?, L(z,y,z2) = (z,y).

(2) (Dilation) L: R® — R®, L(u) =ru, r > 1.

(3) (Contraction) L: R® — R®, L(u) =ru, 0 <r < 1.

(4) (Reflection with respect to the x-axis) L: R?> — R?, L(z,y) = (x, —y).
(5) (Rotation counterclockwise by ) L : R? — R?, L(u) = Au, where

cos 8 —sin 6
sin § cos 60 .

Exercises of linear transformations: Find the matrix of the linear transformation
L: R? — R? and L(z,y) if

(1) L(u) is rotation of u clockwise by 6.



is reflection of u about the line y = .

is reflection of u about the line y = —x.

(2) L(w)
(3) L(u)
(4) L(u) is reflection of u about the origin.
(5) L(u) is reflection of u about the z-axis.
(6) L(u)

is reflection of u about the y-axis.



