Norms, Orthogonal and Orthonormal

Definitions: Let v be an n x 1 vector in C* and let p be a finite positive real number.

The p norm of v, denoted ||v||,, is defined as follows:
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The oo — norm of p, denoted ||p||o, is defined as follows:
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In particular, if v € R, then
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Notes:

(1) If we write just ||u|| without specifying the norm, then we mean any norm.
In the future, we’ll be using only the two-norm. Thus, when we write ||u|| in
the future, we mean ||u/|s.

(2) The two-norm is also called the Euclidean norm.

(3) Think of norm as length or magnitude.

Remarks, facts, and definitions: Let u and v be in R”, let « € R, and let 6 be

the angle between v and v. Then

(1) ||ul| > 0 and ||u|| = 0 iff u = 0.

(2) |luw+v|| < ||lul| + ||v|| (triangle inequality).
(3) llau] = fellull-

(4) u-u>0and u-u=0iff u=0.

(5)

5 u-v=wv-u.



6) u-v=|ul2|v|]scos(d).
7) Ju-v] < lulle + [lv]]2-

)
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8) |Jullz = Vu-u = vVuTu.
)
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9) u and v are orthogonal iff u - v = 0, parallel iff |u - v| = ||u]| ||v]|-

(10) Note that u and v are orthogonal iff cos(f) = 0, parallel iff cos(f) = +1, and
in the same direction iff cos(f) = 1.

(11) wu is called a unit vector (or a vector of norm/length 1) iff ||u|| = 1.

(12) Ta 18 @ unit vector in the same direction as w.

(13) u and v are called orthonormal iff ||u|| = ||v|| = 1 (i-e. they are unit vectors)

and they are orthogonal.
Orthogonal and Orthonormal Sets and Bases
Definitions and Facts

(1) A set S = {u1,us,---,ux} is called orthogonal iff any two distinct vectors in
S are orthogonal. Le. u;-u; =0 for 7 # j.

(2) A subset S = {uy,ug, - ,ux} is called orthonormal iff it’s orthogonal and
every vector in S is a unit vector. L.e. u;-u; = 0 for 7 # j and w; - u; = 1,
i=1,- k.

(3) An orthogonal set is linearly independent.

(4) An orthonormal set is linearly independent.

(5) A set S is called an orthogonal basis for a vector space V iff S is orthogonal
and S is a basis for V.

(6) A set S is called an orthonormal basis for a vector space V iff S is orthonormal

and S is a basis for V.

(7) Let S = {uy,us,---,ux} be an orthogonal basis for a vector space V' and let
v be any vector in V. Then v = ciuy + coug + - -+ + cxuy, where ¢; = J]”u”],
1<j <k

(8) Let S = {uy,us,- - ,ux} be an orthonormal basis for a vector space V' and

let v be any vector in V. Then v = cju; + coug + - - - + cug, where ¢; = v-u;,
1<j<k.



