Gaussian and Gauss-Jordan Elimination

Definition: Two systems of equations are said to be equivalent if they have the same solution(s).
Gaussian Elimination is a method for solving linear systems of equations. To solve a linear system by Gaussian Elimination, you form a matrix from the matrix of coefficients and the vector of constant terms (this is called the augmented matrix). The vector of constant terms in the augmented matrix follows the coefficient matrix. Then you transfer the matrix to the following form:

· The nonzero leading (leftmost nonzero) entry of a nonzero row is 1. This 1 is called the leading 1.

· The leading 1 of each row is to the right of the leading 1of the previous row.

· Zero rows are at the bottom.

· All entries below the leading 1 are zeros.

The form above is called row echelon form and solving the system by reduction to row echelon form is called Guassian Elimination. If the last step above is replaced by 

· All entries below and above the leading 1 are zeros

then the form is called reduced row echelon form and solving the system by reduction to reduced row echelon form is called Guass-Jordan Elimination.

To get the form described above, you're only allowed to use elementary row operations, which are:

· Multiplying a row by a nonzero constant.

· Adding a multiple of one row to another.

· Interchanging two rows.

We'll use the following notation:

· K ri ( ri means replace row ri by K ri. (I.e. Multiply row ri by K.)

· ri ( rm means interchange row ri and row rm. 

· K rm + ri ( ri means replace row ri by K rm + ri. (I.e. Add K times rm to row ri .)

After you get the row echelon form or reduced row echelon form, solve the new system. Notice that Gaussian Elimination or Gauss-Jordan Elimination transfers the original system to a new equivalent system which is much easier to solve (by backward substitution if it's Caussian Elimination). Notice also that if two systems are equivalent, then they have the same solution set.

Remark: If the matrix of coefficients is a square matrix, then the determinant of the matrix can be obtained from the Gaussian elimination process or the Gauss-Jordan elimination. Guass-Jordan elimination is also used to find the inverse of the coefficient matrix if it’s square and nonsingular.

Definition: An elementary matrix is a square matrix obtained from the identity matrix by performing a single row operation on it.

Definition: Given two matrices A and B of the same size. We say that A is row equivalent to B if B can be obtained from A by performing a finite sequence of elementary row operations on A. 

Exercises:

Solve the following by Gaussian Elimination and by Gauss-Jordan elimination:

1. 2 x1 - 2 x2 + x3 = 1.

2 x1 - x2 - x3 = -2

x1 + x2 - x3 = 3.

2. 2 x1 - x2 + x3 = 3.

-x1 + 2 x2 + 3 x3 = -2

x1 + x2 + 4 x3 = 1.

