CSIT 241 Cardinality Spring 2003
Facts
elet f: A— Band g: B — C be functions.

1. If f and g are invertible, then so is gof and (gof)™! = f~log™.

2. If f and g are 1-to-1, then so is gof. The converse is not necessarily true.

3. If f and g are onto, then so is gof. The converse is not necessarily true.

4. If f and ¢ are bijections, then so is gof. The converse is not necessarily true.
5. If gof is 1-to-1, then f is 1-to-1.

6. If gof is onto, then g is onto.
e Let f: A — B be an invertible function, then fof ! = 1p and f lof = 14.
Cardinality
Definition: If A is a finite set, then the cardinality of A, denoted |A|, is the number

of elements of A.

Definition: Let A and B be sets. We say A and B have the same cardinality, written
|A| = | B|, iff there is a bijection between A and B.

Definition: A set A is countably infinte iff |A| = |N| and countable iff it is either
finite or countably infinite. A set which is not countable is called uncountable.

Notation: The cardinality of N; i.e. |N|, is denoted by Ry.
Facts

1. The following sets are countable: N, Z, Q.
2. The following sets are uncountable: R, R — @Q, (0, 1).

3. A subset of a countable set is countable.
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4. If A and B are countable, then A U B countable.

Theorem: |Z| = |N|.

Proof: We have to present a bijection from Z to N or from N to Z, because remember
two sets have the same cardinality iff there is a bijection between them. The bijection
that we’ll present is from N to Z. The bijection simply maps the set of even natural
numbers to the whole set of natural numbers and the set of odd natural numbers to
zero and the set of negative integers. In other words, our function is

if £ is an even natural number
if £ is an odd natural number

Notice that f is a function from N to Z. Now we have to prove that f is one-to-one
and onto. First, we prove it is one-to-one. So, assume f(z;) = f(x2), where z; and
x9 are natural numbers. Now we have the following 4 possibilities:

1. z; and z, are both even. In this case, f(z1) = f(z2) implies & = %, which

2
implies 1 = xs.

2. z; and x4 are both odd. In this case, f(z;) = f(z2) implies 1‘% = 1_2“, which
implies 1 = .

3. 1 is even and z is odd. In this case, f(z1) = f(z2) implies & = =22 which
implies 1 + o = 1. But, z; and z5 are both natural numbers. That means
r1 > 1 and z9 > 1. Thus, z; + x5 > 2. That means z; + x5 cannot be equal
to 1. Thus, if z; is even and x5, is odd, then f(x1) cannot be equal to f(z2).
Remember our assumption that f(z1) = f(z2) led to a contradiction (which is
21+ 22 = 1) . That means the assumption is false. Le. if 21 is even and x5 is

odd, then f(z;) cannot be equal to f(z5).

4. x; is odd and x4 is even. This case is similar to the previous case.

Now we’ll prove f is onto. To do that, we’ll have to prove that if b € Z, then there
exists @ € N such that f(a) = b. Notice that f maps the set of even natural numbers
to the set of natural numbers and it maps the set of odd natural numbers to Z~U{0}.
Now let b € Z. If b € N, the preimage of b is 2b. Le. f(2b) = b. Notice that 2b is an
even natural number, so we use the first rule (i.e. f(z) = z/2). On the other hand, if
b € Z~ U{0}, the preimage of b is 1 — 2b. L.e. f(1 —2b) =b. Notice that 1 — 2b is an
odd natural number, so we use the second rule (i.e. f(z) = (1—1z)/2). Now you may
wonder how I found those preimages. You’ll understand how if you find the inverse
(although we haven’t proved yet that f is onto, which means we can’t conclude at
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this stage that f is bijection, so we can’t talk about the inverse, but it’s a good idea
to try to find it). Notice first that f~! is a function from Z to N. Notice also that the
first part of f maps the set of even natural numbers to the set of natural numbers. So,
the first part of f~! must map the set of natural numbers to the set of even natural
numbers. This means we have to work now with the first rule of f (i.e. f(z) = 7).
So, assume b € N, then we want to find an even natural number a such that f(a) = b.
Le. we want § = b. Solve for a (i.e. write a in terms of b) to get a = 2b. So, if b
is a natural number, then the preimage of b is 2b (notice that 2b is an even natural
number). Now notice that the second part of f maps the set of odd natural numbers
to the set of negative integers and zero. So, the second part of f~! must map the set
of negative integers and zero to the set of odd natural numbers. This means we have
to work now with the second rule of f (i.e. f(z) = 15%). So, assume b € {0} UZ",
then we want to find an odd natural number @ such that f(a) = b. Le. we want
1_7“ = b. Solve for a (i.e. write a in terms of b) to get a = 1 —2b. So, if b is a negative
integer or zero, then the preimage of b is 1 — 2b (notice that 1 — 2b is an odd natural

number).

Example: Try to find f~! using the procedure which we used to prove f is onto.
You’ll find

1 2x  if x is a natural number
f(zx) = e .
1-2x if = is a negative integer or zero

Notice that f ! is a function from Z to N. Notice also that f ! is a bijection because
f is a bijection.
Facts: |Q = |N|, [R| =[(0,1)[, |R| # |N|.

Definition: A set is said to be countable if it is either finite or countably infinite.

Exercises

1. Give an example of a bijection from R to (5, 00).
2. Give an example of a bijection from N to NU {—1, —2}.

3. Give an example of a bijection from [5, 8] to [2,4].



