Quiz 2

Instructions: Show your work and explain every step. You may not be given credit
at all for incomplete solutions. Answers with no explanations will not be accepted.
Do not write the numbers in the decimal form (keep them as fractions). Do each
question on a separate sheet of paper, write your name on each sheet, and staple

them. Time: 25 minutes.

(1) (4 points) Decide if the following set S spans R3. If the given set does not
span R?, give an example of a vector in R® that does not belong to the span

of the given set. Give full explanation for each step:

1 0 21 a
-1 -3 1 2 b
1 1 1 0 ¢
18
1 0 2 1 a

01 -1 -1 c—a
00 O 0 3¢c—2a+b

This system is inconsistent when 3¢ — 2a + b # 0. Thus, the given set does
not span all vectors (a, b, ¢) with 3¢ — 2a + b # 0. For example, if you choose
c=a=0 and b =1, then the vector (0,1,0) is not in span S.

(2) (4 points) Determine if the following set S is a basis for R®. If the given
set is a basis for R?, write the vector (1,2, 3) as a linear combination of the

vectors in S. Give full explanation for each step:
1



-1 1 1
S = U1 = 1 , U2 = 0 , U3 = -1
1 2 0

Solution: Since S contains 3 vectors and dim R® = 3, then all we need to
do to find out whether S is a basis for R?® or not, is to check if S is linearly

independent. Now since the reduced row echelon form of

-1 1 1 O
1 0 -1 0
1 2 0 0

is

1000

0100/,

0 010
we conclude that the only solution to the system civ; + covg 4 c3v3 = 0 is 0.
Hence, S is linearly independent, and therefore, it’s a basis for R3.

To write v = (1,2, 3) as a linear combination of the vectors in S, we need

to solve the system civy 4+ covo 4+ c3v3 = v. Now since the reduced row echelon

-1 1 1 1 100 -3

form of 1 0 -1 2|is|0 1 0 3 |, weconclude that ¢; = —3,
1 2 0 3 0 01 =5

co = 3, and c3 = —b.

(3) (2 points) Determine if the following set S of polynomials form a basis for

P,. Give full explanation:
S = {’Ul :—1+t+t2, 1)2:1+2t2, U3:1—t}

Solution: Since S contains 3 vectors and dim P, = 3, then all we need to
do is to check if S is linearly independent. Thus, we need to check whether

the system c;v; +cov9+c3v3 = 0 has only the trivial solution. The augmented
-1 1 1 0

matrix corresponding to this system is 1 0 —1 0 | which is the same
1 2 0 0



3

as the one in the previous example. Thus, we conclude that S is linearly
independent, and hence, it’s a basis for Ps.
(4) (3 points) Find a basis for R* that includes the following vectors. Give full

o =
o

explanation: ¢ vy =

—_
I
—_

Solution: We form a matrix whose first two columns are v; and v, and
whose remaining 4 columns are the columns of the 4 x 4 identity matrix.

This matrix is:

1 -1 1000

1 0 0100
A=

0 1 0010

1 -1 00 01

Now we find the reduced row echelon form of the above matrix which is

1000 0 2

0100 0 1
B =

0010 0 -1

0001 -1 -1

Now we take the columns (make them as column vectors) of A corresponding
to the columns with the leading 1’s in B. Since the leading 1’s in B are in
columns 1, 2, 3, and 4, then {vy,vs,e1, €5} are basis for R* containing the
given vectors, where e; is the first column of the 4 x 4 identity matrix I, and
ey is the second column of .

(5) (3 points) Let

Find a basis from S for span S. Give full explanation.



4

Solution: We form a matrix whose columns are the given vectors in order.

This matrix is:

1 0 2
A= -1 =3 1 2
1 1 10

Now we find the reduced row echelon form of the above matrix which is

10 2 1
B={01 -1 -1
00 0 O

Now we take the columns (make them as column vectors) of A corresponding
to the columns with the leading 1’s in B. Since the leading 1’s in B are in

columns 1 and 2, then {v, vy} are basis from S for span S.

(6) (4 points, 2 points each) Decide if the following set W is a subspace of the

given vector space V. Give full explanation:

(a) V =TR®. W is the set of all vectors in V of the form (5a, 2a, 2).
Solution: W is not a subspace because it does not contain the zero
vector.

(b) V = My,. W is the set of all n X n symmetric matrices.

Solution: We need to check closure under addition and under scalar
multiplication.

Closure under addition: Let A and B be in W. Then (A + B)T =
AT + BT = A+ B. Thus, A+ B is symmetric which means A+ B € W.
Closure under scalar multiplication: Let A be in W and « be a
scalar. Then (cA)T = aAT = aA. Thus, aA is symmetric which means
aAeW.

Therefore, W is a subspace of M,,,.
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